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Abstract. Biichi's n Squares Problem asks for an integer M such that any sequence 
{xo, ■ ■ ■ ,xm-i), whose second difference of squares is the constant sequence (2) (i.e. 
x'^ — '2x'^_i +x\_2 = 2 for all n), satisfies — (x + n)^ for some integer x. Hensley's 
problem for r-th powers (where r is an integer > 2) is a generalization of Biichi's 
problem asking for an integer M such that, given integers v and a, the quantity 
[u + n)'' — a cannot be an r-th power for M or more values of the integer n, unless 
a = 0. The analogues of these problems for rings of functions consider only sequences 
with at least one non-constant term. 

Let be a function field of a curve of genus g. We prove that Hensley's problem 
for r-th powers has a positive answer for any r K has characteristic zero, improving 
results by Fasten and Vojta. In positive characteristic p we obtain a weaker result, but 
which is enough to prove that Biichi's problem has a positive answer if p > 312gH- 169 
(improving results by Pheidas and the second author). 
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1. Introduction 

A 1990 paper by L. Lipshitz [11] containing a description of a question posed in the 
70's by J. R. Biichi inspired a new interest in what is known today as "Biichi's Problem" 
or "the n Squares Problem" (denoted by B^(Z) in the future) : 

Does there exist a positive integer M such that any sequence of M integer squares, whose 
second difference is constant and equal to 2, is of the form (x -|- uY , n = 1, . . . , M , for 
some integer x ? 

Biichi asked this question because a positive answer to it would imply a stronger form 
of the negative answer to Hilbert's Tenth Problem solved in 1970 by Yuri Matiyasevich 
using results of Martin Davis, Hilary Putnam and Julia Robinson. In logical terms, 
Matiyasevich's result (see [13] and [3]) implies that the positive existential theory of 
Z in the language =Sf = {0,1,-|-,-} of rings is undecidable. Biichi observed that a 
positive answer to his problem would allow him to define existentially the multiplication 
over Z in the language = {0, 1, -|-, P2}! where P2 is a unary predicate for "x is a 
square" , hence proving that the positive existential theory of Z in the language .if ^ is 
undecidable. 

It makes sense to ask Biichi's question over other rings. If i? is a commutative ring 
with identity, the problem B^(/2) becomes: 
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Does there exist a positive integer M such that any sequence of M squares in R, whose 
second difference is constant and equal to 2, is of the form {x + n)"^, n = 0, . . . , M — 1, 
for some x & R? 

A positive (or "almost positive") answer to B^(i?) in general has similar logical con- 
sequences to a positive answer to B^(Z) if the existential ring theory of R is undecidable. 

Biichi's Problem is still open. However, in 2001, Vojta proved in [25] that B^(Q), 
and hence also B^(Z), have a positive answer for some M > 8 if the following (open) 
question of Bombieri has a positive answer for surfaces : 

Let X be a smooth projective algebraic variety of general type, defined over a number 
field k. Does there exist a proper Zariski- closed subset Z of X such that X{k) C 

Vojta's proof actually is valid for any number field as was first noted by Yamagishi in 
[26] . Continuing this line of investigation, in 2009, Fasten in [16] produced the following 
generalization of Vojta's result : 

If Bombieri' s Question has a positive answer, then there exists an absolute constant N 
(that can be chosen to be 8 if Bombieri' s question is true for any surface) such that, 
for each number field K/Q and each set {ai, . . . , a^} of N elements in K, there is only 
a finite number of polynomials f = x"^ + ax + b & K[x] not of the form f = (x + c)^, 
satisfiying that f{ai) are squares in K for each i. 

At the same time, R. G. E. Pinch in [22] proved that 'many' non-trivial Biichi se- 
quences of length 4 could not be extended to Biichi sequences of length 5 (originally 
Biichi asked his question for M = 5). 

Before turning our attention to rings of functions, we should note that a number 
of people (Allison [T] in 1986, Bremner [2] in 2003, and Browkin and Brzezinski [1] in 
2006) have been studying the following analogue of Biichi's problem : 

Does there exist an integer M such that the system of equations 

where £ G Z, has only solutions whose squares are the squares of an arithmetic progres- 
sion? 



Observe that this problem is related to the original Biichi's problem over an integral 
extension of Z : multiply the equations by 2i~^ and consider the change of variables 

In [23] Vojta also considered analogues of Biichi's Problem over rings of functions. If 
Rt is a ring of functions in the variable t, the problem B^(i?t) becomes : 



Does there exist a positive integer M such that any sequence of M squares in Rt, not 
all constant, whose second difference is constant and equal to 2, is of the form (x + n)^, 
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n = 0, . . . , M — 1, for some x E Rt? 

Vojta proved that B^(i?j) had a positive answer when Rf was the field of meromor- 
phic functions over C, or a function field of characteristic zero. In [12] and [2U], T. 
Pheidas and the second author used a different method to show that B^(F(t)) had a 
negative answer when F had characteristic zero. The new method was also extendible 
to the case of F of positive characteristic. It turned out that if F had positive charac- 
teristic, B^(F(t)) had a negative answer but one could still derive all the desired logical 
consequences. 

In 1981, D. Hensley (in [8] and [9]) proved that B^(Fp) had a positive answer, with 
M = p. This was the first (though as explained above not the last) positive answer to 
an analogue of Biichi's Problem. In the same work, he noticed that a positive answer to 
B^(Z) is implied by a positive answer to what we now call Hensley's Problem denoted 
in the future by UP^{Z) : 

Does there exist a positive integer M such that, given any integers v and a, if the quan- 
tity {u + n)^ — a is a square for more than M values of n then a = 0? 

Remark 1.1. This implication is not hard to see. Indeed, suppose that a sequence (x„) 
of integers satisfies 

(1.1) x,„ — 2x„_]^ + x„_2 = 2 

for n = 2, . . . , M — 1, namely, the sequence (x^) has constant second difference equal 
to 2. In [21] it was noted that the quantity ^" ^° — n does not depend on n. Denoting 
this quantity by 2v , we can now rewrite (11. ip as x\ — x\ = 2nu + 71^ . Therefore we now 
have 

2 f : \2 2 2o 2 2 2/2 2\ 2,2 

x„ - (z/ + n) = x„ - z/ - 2nu -n = x^-v - [x^- Xq) = -v + Xq 

which does not depend on n. Writing a = u"^ — Xq, we obtain x\ = [v + n)"^ — a. Hence 
z/HP^(Z) has a positive answer for some M, then a must be zero and B^(Z) has a 
positive answer with the same M. 

We might consider the obvious analogues of Hensley's Problem over other rings (over 
a ring of functions we will ask some x„ to be non-constant). For a general discussion 
on the equivalence between B^(i?) and HP^(i?) (for some rings R the two problems 
may not be equivalent) see the survey [17], or [15] . 

In [18], T. Pheidas together with the second author proposed a generalization of 
Biichi's Problem to higher powers for a ring R, denoted in the future by B'"(i?) : 

Does there exist a positive integer M such that any sequence of M r-th powers in R 
(not all constant if R = Rt is a ring of functions), whose second difference is constant 
and equal to r\, is of the form {x + nY , n = 0, . . . , M — 1, for some x E R? 

It is easy to see that there is a Hensley Formulation of this problem which we denote 
by HF'"(i?). More precisely, B^{R) is equivalent (over many rings) to the following 
question : 
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Does there exist a positive integer M such that, for all v, ao, . . . , 0^-2 in R, if the 
quantity 

(z/ + ny + ar-2'rf~'^ + h cun + 

is an r-th power x^^ for more than M values of n then aQ = ■ ■ ■ = 0^-2 = ? 

Again, if i? is a ring of functions, we ask for some x„ to be non-constant. In [21] . 
Pheidas and the second author proved that HF^(F[t]), hence also B^(F[t]), had a 
positive answer with M = 92, if the field F has characteristic zero. 

In [15], Fasten considered the following problem, called now Hensley's Problem for 
r-th powers and denoted by HP'"(i?) : 

Does there exist a positive integer M such that, for all v and a in R, if the quantity 

(z/ + n-Y — a 

is an r-th power for more than M values of n then a = 0? 

As usual, if is a ring of functions, we ask for some x„ not to be constant. Fasten 
proved that HP'"(F[t]) had a positive answer if F had characteristic zero, for any r > 2. 
This result was a new evidence that B'"(F[t]) had a positive answer for any power r. 

Let K he a function field. In this paper we prove that liP'^{K) has a positive 
answer for any r ii K has characteristic zero (see Theorem 11.31 below) . This implies in 
particular that B^{K) has a positive answer. We also prove that an analogue of B^{K) 
has a positive answer if K has (large enough) positive characteristic (see Theorem 11.41 
below) while obtaining all the desired logical consequences as in the case of the rational 
function fields of positive characteristic. More specifically we show that while there are 
non-trivial solutions to Biichi's equations for large enough M, they are of a specific 
form (these non-trivial solutions were discovered by Fasten, see [20]). 

For both results, the number M depends only on r and the genus of K. Note that 
the dependence on the genus is to be expected : if M did not depend on the genus 
then we could add to K "enough" r-th powers (while increasing the genus) in order for 
{u + nY — a to be an r-th power for a few more values of n. 

In order to state the main theorems we introduce the following notation. 

Notation 1.2. (1) Let K he a function field of genus g over a field of constants F 
and let Fq he the prime field of K . 

(2) Let r > 2 and M > 1 he natural numhers. 

(3) If c = (co, . . . , Cm-i) is a sequence of distinct elements of F and ^ is a primitive 
r-th root of unity, we write 

^ Cj 

Ci,j,n - i_ 

for any indices i and j and for any n G {1, . . . , r — 1}. 

(4) Given c as ahove, let i{c) he equal to 3 if either char(F) does not divide r and 
for all indices i,j, k,m,n we have Cij^n 7^ Ci^k,m, or for all indices i,j, k we have 

[Fo(cj, Cj, Ck, : -^o(ci, Cj, Ck)] = r - 1 

(in particular, the latter happens z/ char(F) = and Ci are rational numhers). 
Otherwise set i{c) = r + 1. 
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(5) Let 

B{r,i)=/3o{r,i)g + P,{r,i) 

and 

/3o = (^8r + 4 + -^^^ r^^, and (3i = (^Ar + 2 + -^^^ + 1- 

Theorem 1.3. Let K be a function field of genus g over a field of constants F of 
characteristic 0. Let E K and (xq, . . . , Xm~i) be a sequence of elements of K such 
that at least one Xi is not in F . Let c = (cq, . . . , cm-i) be a sequence of distinct elements 
of F. If M > B[r,i) and the sequence satisfies 

(1.2) xl, = {u + CnY - a, n = 0,...,M-l 
then a = 0. 

Theorem 1.4. Let K be a function field of genus g over a field of constants F of 
characteristic p > -8(2, 3). Let a,!/ E K and (xq, . . . , xm-i) be a sequence of elements 
of K such that at least one Xi is not in F. If M > B, then the sequence satisfies 

(1.3) = (z/ + n)2 -a, n = 0, . . . ,M- 1 

if and only if, either a = 0, or there exists a non-negative integer s and f E K such 
that for all n we have 

(1.4) Xn = {f + nY^. 

Let = U {r} be the language obtained by adding to a symbol of unary 
function r for multiplication by a transcendental element t of K. Similarly, let = 
^ U {r} be the language obtained by adding to =Sf the symbol r. 

In this notation we obtain the following corollaries in Logic : 

Corollary 1.5. // K is a function field of genus g over a field of constants F of 
characteristic or p > 5(2,3), then multiplication over K is positive- existential in the 
languages . 

Corollary 1.6. If K is a function field of genus g over a field of constants F of 
characteristic or p > 5(2,3), then the positive existential theory of K in is 
undecidable if and only if the positive existential theory of K in is undecidable. 

There are many function fields for which the positive existential theory is known to 
be undecidable. For more information, we refer the interested reader to [6], [23] and 

2. Technical preliminaries 

Notation and Assumptions 2.1. Below we will use the following notation and as- 
sumptions. 

(1) Let K be a function field of genus g over a field of constants F and let F^ be the 
prime field of K . 

(2) A prime of K is a valuation of K. 

(3) Let ^ be a primitive r-th root of unity. 

(4) If 3 is an effective (i.e. integral) divisor, we will denote by deg J the degree of 
3. 
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(5) If 3i and ^2 (ii"^ integral divisors, we write 3fip2 Pi divides to mean that 
for all primes p of K we have that ordp3i < ordp3f2- Similarly for any prime p 
of K we write that p\3i (p divides 3i) to mean ordpDfi > 0. 

(6) For X & K, let n(x) denote the zero divisor of x and c)(x) the pole divisor of 
X. Let = he the divisor of x. Let H(x) denote the height of x, i.e. 
degc)(a;) = degn(x). 

(7) Let poo be a valuation of K. 

(8) Let t ^ K \ F having a pole at p^o only (such a t exists by [TJ Fried and Jarden, 
Lemma 3.2.3, p. 55]). We can also assume that t is not a p-th power in the case 
K has characteristic p > (hy taking successive p-th roots if necessary) . 

(9) For a prime p of K, let e{p) be the ramification degree of p over F{t). 

(10) We can define a global derivation with respect to t as in Mason [HI p. 9]. Given 
an element x of K , the derivative with respect to t will be denoted in the usual 
fashion as x' or Observe that usual differentiation rules apply to the global 
derivation with respect to t. Thus, the only functions with the global derivative 
with respect to t equal to zero are constants in the case the characteristic is equal 
to zero and p-th powers in the case the characteristic is equal to p > 0. 

(11) // the field F is algebraically closed and p is a prime of K we can also define 
a local derivation with respect to the prime p as in Mason [I^ p. 9]. The 
derivative of x E K with respect to p will be denoted as ^ . 

(12) For all primes p, let 

dip) = ordp (I) 

and let 

d{p)>0 

(13) If 01 is a divisor of K, we will write 

L(2l) = {f E K \ ordp/ > — ordpSl for all primes p of K} 

and £(2l) for the dimension of L{^) over F. 

(14) Throughout the paper the following constants will be used: 

Ci = g + 1, C2 = 3g 

C3 = C2 + 2 = 3g + 2 and C4 = C2 + Ci + 1 = % + 2. 

Assumption 2.2. Without loss of generality, we may assume that F is algebraically 
closed (therefore, all primes of K, in particular p^o, have degree 1). 

The following lemma gathers some general formulae we need in this section. 

Lemma 2.3. (1) Let E he a finite degree suhfield of K. Let ^ 6e a prime of E and 
let pi, ... ,pn he the primes in K above Let e(pj/^) he the ramification index 
of pi over"^. Let f^pi/"^) he the relative degree of pi over^ (the degree of the 
extension of the residue field). We have 



n 



[K:E] = y e{p,mf{p,m. 



i=l 
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(2) (Riemann-Roch) Let ^ be a divisor of K of degree d. 
(a) // ^ = then = d + l; 

(h) If g > andO < d <2g -2 then £(2l) >d-g + l; 

(c) lfg>0 andd = 2g-2 then > ^ - 1; 

(d) If g > and d> 2g -2 then £(2l) = d-g + l; 

Proof. For ([1]) see Fried and Jarden [71 Proposition 2.3.2, Theorem 3.6.1]. For ([2]) see 
Koch [ini Theorem 5.6.2]. □ 

Lemma 2.4. If % is a divisor of K of degree g + 1 then ^(21) > 2. 

Proof. Since 21 has degree d = g + 1, we have 

• if ^ = then d = 1 and = + 1 = 2 by Lemma [23] (|2aD : 

• if ^ = 1 or 2 then > 2^ - 2 and £(2t) = rf-^ + l = 2by Lemma O ([M]) ; 

• if ^ = 3 then = 4 = 2^ - 2 and £(2l) > ^ - 1 = 2 by Lemma (l2cD ; 

• if ^ > 4 then = ^ + 1 < 2^ - 2 and ^(21) >c/-^ + l = 2by Lemma (l2bD. 
Hence in all cases, -^(21) > 2. □ 

Lemma 2.5. Lei x & K and p he a prime of K. We have 

(1) ordp(l^) > ordp(x) - 1; and 

(2) z/ordp(x) > 0, then ordp(g) > 0. 

Proof See Mason [121 p. 9]. □ 

Lemma 2.6. The function t can be chosen so that 

(1) [K : F{t)] < C 

(2) d{p) > for all p p^, 

(3) (i(poo) > — fi' — 2, anc? 

(4) deg€<C2. 

Proof. Since the integral divisor of has degree g + 1, we have 

£ (p^^+i) = 2 > 1 

by Lemma [2.41 Therefore, L(p^^) contains a non-constant element w such that 

where a < g + 1. Let us show that w satisfies the conclusions of the lemma. 

(1) Let be the prime of F{w) below poo- Observe that the ramification degree 
of poo over *Poo is a and each prime has degree 1 in its respective field. Since 
there is no constant field extension we also conclude that the relative degree of 
poo over *Poo is 1- Thus by Lemma 12.31 ([T]) we have [K : F{w)] = a < (7 + 1 and 
we can choose w as our new t. If p = char(i^) > and w happens to be a p-th 
power, we will replace w by its p-th root sufficiently many times until the result 
is no longer a p-th power in K. Observe that taking a p-th root will only reduce 
a, and therefore the conclusion of the lemma remains unchanged. Observe also 
that we can assume that dw/dt 7^ 0. For the rest of the proof, let (i^(p) stands 

for ordn 



dw 

dp 

(2) By Lemma [2]5] dSD we have that (i^(p) > for all p 7^ p 

(3) By Lemma [275] ([1]), we have (i«,(poo) > — « — 1 > — — 2 



OO) 
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(4) By Mason [121 Equation (5) p. 10], we have 



p p 

since w has non-zero global derivative. Therefore, by Items ([2]) and ([3]), we have 



J2 dM<'29-2<3g, 



rfu,(p)>0 



if o^dp^ (l^) > 0, and 



<2g-2 + g + 2 = 3g, 



Ap)>o 



□ 



Lemma 2.7. For all x ^ K and p prime of K, we have 

(1) z/ordp(x) > then 

ordp(a;') > max(0, ordp(x) — 1) — d{p) 

and 

(2) z/ordp(x) < then 

ordp(x') > ordp(x) — 1 — d{p). 

Proof. From Mason [121 P- 96] we have for any prime p (including poo) 
, , dx dx dt 

^ ' ' dp^ Ittdp 

hence, if ordp(x) > then 

ordp(x') = ordp {^-^ = ordp (^^^ ~ o^^^p (^^^ > max(0, ordp(x) - 1) - d{p) 

and if ordp(x) < then 

ordp(x') = ordp (^^^ = ordp (^^^ - ordp (^^^ > ordp(x) - 1 - d(p) 

by Lemma [2. 5[ □ 

Corollary 2.8. (1) Let x be a non constant element of K. If p is a prime of K 
such that ordp (a;) > and ordp(x') < 0, then d{p) > Q (so that PI'S), and we 
have 

ordp(x') > -d{p). 
(2) If X is a non constant element of K then O(x') divides ?)(x^)C 

Proof. (1) By Lemma [2. 71 Item ([T|), for x without a pole at p we have 
> ordp (a;') > max(0, ordp(x) - 1) - d{p) > -d{p). 
(2) If p is a pole of x' then 
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• either it does not divide (£ (hence d{p) < 0), in which case it is a pole of x 
(by Item ([T])), and we have ordp(a;') > ordp(a;) — 1 — d{p) > ordp(x) — 1 by 
Lemma 12.71 ([2]) , hence 

ordp(9(a;')) < ordp(c)(x)) + 1; 

• or it divides £ (hence d{p) > 0), in which case 

— either ordp(x) < 0, hence ordp(x') > ordp(x) — 1 — d{p) by Lemma 
12.71 ([2]) , and we conclude 

ordp(Z)(x')) < ordp(()(x)) + 1 + rf(p); 

— or ordp(x) > 0, hence ordp(x') > —d{p) (by Item ([1])), hence 

ordp(3(x')) < d{p). 
We deduce that O(x') divides 

J~|^pOrdp(I)(xO)+l JJ" pOrdp(I)(x'))+l+d(p) pd(p) 

Pt<£ pIc Pie 

ordp(0(z))>0 ordp(0(a;))=0 

where in the first product we have ordp(^(x)) > 0. Multiplying the rightmost 
product by 

Pie 

ordp(l)(x))>0 

and dividing the 'middle product' by the same quantity, we see that O(x') divides 



■Q pOrdp(a(x))+l J-j- pOrdp(£)(x))+l JJ'p 

p\e p|(£ p|(£ 

ordp(;)(x))>0 ordp(l)(x))>0 

which in turn divides 

-Qp2ordp(0(x)) -Qpd(p) ^ j,^^2)^ 
P p|g 

which was to be proved. 



dip) 



□ 



Corollary 2.9. For any x & K which is not a constant, we have 

degD(x') < C3deg0(x). 
Proof. From Corollary 12.81 (j2]) we have that c)(x') divides 0(x^)£ and therefore 

deg(()(x')) < deg(0(x^)£) < 2degc)(x) + C2 < {C2 + 2) degO(x) = C^deg-Q{x) 
by Lemma 12.61 (jlj) and definition of C3 . □ 

Lemma 2.10. For any non-trivial effective divisor 21 there exists y & K such that 

(1) the divisor ^(B divides n{y); 

(2) the function y has only one pole at p^o; and 

(3) we have 

degO(y) <C4deg(2l). 
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Proof. Let 

where d = deg(2l(S) + g + 1. Since Q5~^ has degree g + 1, we have 

e{^~^) > 2 > 1 

by Lemma [2.41 Therefore, the vector space contains a non-constant element y 

such that D{y) = where 1 < a < d, and n(?/) is divisible by so that Items (1) 
and (2) are satisfied. Finally observe that 

deg(9(?/)) = a<d = deg{m) +g + l= deg(2l) + deg(e) + ^ + 1 < deg(2l) + C2 + Ci, 
where the last inequality holds by Lemma 12.61 We finally get 

deg(c)(?/)) < deg(2l) + C2 + Ci < (C2 + Ci + 1) deg(2l) = C, deg(2l), 
where the last inequality comes from the fact that deg2l > 1. □ 

3. Intermediate Theorem 

This section is devoted to the proof of Theorem 13.21 below. In order to state the 
theorem we introduce the following notation. 

Notation 3.1. (1) Let r > 2 and M be positive natural numbers. 

(2) If c = (co, . . . , cm-i) is a sequence of distinct elements of F, we will write 

^ Cj 

Ci,j,n - i_ 

for any indices i and j and for any n E {1, . . . ,r — 1} . 

(3) Given c as above, let i{c) be equal to 3 if for all indices i, j, k,m,n we have 
either Cij^n 7^ Ci^k,m, or for all indices i,j, k we have 

[Fo(ci, Cj, Cfc, : Fo{ci, Cj, Ck)] = r - 1 

(in particular, the latter happens z/ char(F) = and Ci are rational numbers). 
Otherwise set i{c) = r + 1. 

Theorem 3.2. Let a,!/ E K and (xq, . . . ,xm-i) be a sequence of elements of K such 
that at least one Xi has non-zero derivative. Let c = (cq, . . . , cm-i) be a sequence of 
distinct elements of F. If 

M > r^Uc) ( 1 + C3 ( 5r + | | + 1 



and 

< = (z/ + -a,n = 0,...,M -1 

then either a = or there exist j E K such that 7' = 0, and ^0 an f-th root of unity, 
such that 

Throughout this section we will suppose that a,h',xo, . . . ,xm-i and c satisfy the 
hypothesis of Theorem 13. 2[ 

The following notation will also be used throughout the section. 
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Notation 3.3. (1) Write Un = and 

M-l M-l 

D = JJ d{xi) and ^ = Yl 

i=0 i=0 

(2) Let d = degS). 

(3) Let £o = lcm(?)(xo), • . . (where 1cm stands for "the least common mul- 
tiple"). Let £n = lcm(n(xo), . . . , n(x„_i)). 

(4) Let y & K be such that 

• the divisor S^x,^ divides n{y); 

• the function y has only one pole at poo,' and 

• deg ^ (?/) < C4 deg £0 

(such a y exists by Lemma {2.1[h and because degHj, 7^ since by hypothesis at 
least one Xi is non- constant). 

Remark 3.4. In the previous section there was no assumption whatsoever on poo- We 
will now set it to be a valuation of K not occurring as a pole or zero of any element of 
the (finite) set {xq, ■ ■ ■ , Xm-i, ^, a}. 

Lemma 3.5. The following equality holds : 

r-l 

(3.1) Ui - Uj = r{ci - Cj) n ['^ + Qj, n] 

n=l 

where q have been defined in Notation \3.3\ (|3]) . 
Proof. From Equation f ll.2p . we have 

Ui - Uj = + CiY - (z/ + CjY 
r-l 

n=l 
r-l 

= {c^-C,)l[[{l-C>+ic,-Cc,)] 
n=l 

r-l r-l 
n=l n=l 

hence 

r-l 

Ui - Uj =r{Ci- Cj) Yl[t^ + Ci,i,n] • 
n=l 

□ 

Lemma 3.6. (1) At most one Xi is an element of F. 
(2) For any prime p of K, either 

(3.2) ordpD(M„) = oidpd^Um) > {r — l)ordpC)(z/) 
for all m and n, or there exists Uq = no(p) such that 

(3.3) (r - l)ordp3(z/) = OTdpd{Un) > ordpC)(M„o) 
for all n distinct from uq . 



C-i ^ Cj 
1 - C 
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Proof. (1) Fix an index k and suppose tliat Xk is not constant (we know by liypotli- 
esis of Tlieorem 13.21 that tliere exists at least one such k). Suppose that there 
exists an index i ^ k such that Xi is constant. From Equation f l3.ip . substituting 
k for j, it follows that u is not a constant. Hence for any j ^ i, Equation (13.1 p 
for i and j imphes that Xj is not a constant. 
(2) Fix a prime p of K. If for all indices n and m we have ordpO(u„) = ordp()(um), 
then by Equation (13. ip for n and m, we have also 

ordp(){Um) > (r - l)ordpO(z/). 
Hence (13. 2p holds. Otherwise there exist indices no ^ n\ such that for 

ordp3(u„J < ordpr)(n„J. 
From Equation (13. ip with indices rio and rii, we have 

(r - l)ordp3(z/) = ordpO(M„,J. 
From the same equation for any index j 7^ no and no we conclude that 

ordpO(nj) = (r — l)ordpO(z/). 

Hence ([S3]) holds. 

□ 

Proposition 3.7. The following inequalities hold (see Notation \2.1\] : 
(1) for any index n and prime p of K 

ord„S) 



ordp9(x„) < ^' 

(2)degi:B< 



M 
d 



M-1' 

(3) degd{xn) < -^^^^ ^ for any index n 



Proof. (1) By Lemma [3. 6 [ we have 

ordp[()(xo) . . . c)(x„) . . . '^{xm-i)] > {M - l)ordp()(x„) 

for any prime p in and any index n (note that we consider the product of M 
factors on the left-hand side). 
(2) For any prime p such that ordp(£a) > 0, by definition of £0 there exists an index 
n such that ordp(il3) = ordp(()(x.„)) and therefore by Item (1) we have 

ordnD 



(3) This part follows directly from either (1) or (2). 



ordp(i:o) < 

ivi — I 
(1) or (2). 

□ 



Lemma 3.8. The following inequalities hold: 

(1) For any prime p of K and for all but at most one index n we have 

(r — l)ordpO(z/) < rordpC)(x„). 

(2) We have 

(r - 1)(M- l)degD(i^) < rd. 
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(3) For any prime p of K and for all hut at most one index n we have 

ordpl)(a) < rordpD(x„). 

(4) We have 

(M- l)degO(a) < rd. 

Proof. (1) This comes from Lemma [3.61 and by definition of Un = x^^. 

(2) By Proposition 13.71 we have 

, , , ordpD 
ordpC)(x„) < 

for all n. From Item (1) we deduce 

r 

(r - l)ordpD(i^) < _ ordpD 

and the claim follows. 

(3) From Equation (11. 2p we have for any index n and any prime p in i^' 

ordpC)(a) < max{rordpO(x„), rordpi)(z/)}. 

Hence by Item (1), for all but at most one index n, we have 

r 

ordpO(a) < max{rordpC)(x„), ^ordpD(x„)} 

< rOTdp'0{Xn) 

which was to be proved. 

(4) From Item (3) and Proposition 13.71 we have 

1 / \ 1 / \ rordpS) 

ordpO(a) < rordpC)(a;„) < _ ^ , 

hence 

deg(c)(a)) < 

by definition of d. 

Corollary 3.9. The divisors d{a), f (z/), f (xj^), ^(a') and f (z/') divide n{y 

Moreover we have 

Proof. Recall that y & K is such that the divisor divides n{y) (see Notation 13. 3p . 
hence for all primes p & K and for all index n, we have 

(3.4) ordp(D(x„)) < ordp(£o) < ordp(n(2/)). 

(reacall that iig is the least common multiple of the D{xn))- 
Also, since degd{y) < C^degS^j, (see Notation 13. 3p . by Proposition 13.71 (Ej) we get 

degd{y) < C,j^. 

(1) Equation (13. 4 p implies that d{xn) divides n{y). 

(2) From Lemma [3l8] fl3l) . for all prime p of K we have ordpt)(a) < rordpO(a;„), hence 
ordpO(a) < rordpn(y) by Equation (13. 4p . So 0(a) divides n{y^). 



□ 



2r+U 
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(3) From Lemma [3.81 ([1]), we have 

(r — l)ordpO(z/) < rordpC)(x„), 

hence 

OTdpd{u) < ^ordp^(x„,) < -oid^y < (2r + l)ordp?/ 

by Equation (13. 4p . Therefore, D(i^) divides n{y'^'''~^^) . 

(4) By Corollary 12.81 fl2|). the pole divisor of x'^ divides D(a;^)£, which in turn divides 
n{y'^^^). Observe that 3 is less than 2r + 1. 

(5) By Corollary 12. 81 fl^ again, the pole divisor of a' divides ()(a^)£, which in turn di- 
vides n{y^^)n{y) by (2) and because S divides n{y). Hence ()(a') divides n{y'^^'~^^). 

(6) Similarly, by Corollary 12.81 the pole divisor of z/' divides 5(z/^)€, hence by 
Item (3) 

ordp^(z/') < ordp()(i^^(S) < (^2-^ + 1^ ordpy < (2r + l)ordpy 
and we conclude that f (z^') divides n(y^^~'"^). 

□ 

Lemma 3.10. (1) For any set of distinct indices rii, . . . , n^+i, the functions x„- do 
not have a common zero. 

(2) // the characteristic p of K does not divide r and for all indices i, j, k,m,n 
we have that Cij^n 7^ Ci,k,m, then for any three distinct indices i, j and k, the 
functions Xi, xj and Xk do not have a common zero. 

(3) Suppose r 7^ 2. If for all indices i,j, k we have that 

then for all distinct indices i,j,k we have that Xi, Xj and Xk do not have a 
common zero. In particular, this is true if Ci are rational numbers. 

Proof. (1) Since we have assumed that the field of constants is algebraically closed, 
the proof in Fasten [13 Lemma 3.3] goes through for the general case essentially 
unchanged. 

(2) From fl3.ip . we have for any indices i and j 

r~l 

X[ - = - Uj =r{Ci- Cj) Y\_l'^ + ^hJ,n] ■ 

n=l 

Suppose now that p is a prime of K which is a common zero of Xi, Xj and Xk for 
some distinct indices i, j and k. Consequently, for some n and m, p is a zero of 
+ Q,i,n and u + Ci^k,-m, hence of Cij^n - Ci^k,m e F, implying 

(3.5) ^i,j,n ^i,k,m' 

(3) Suppose that Equation fl3.5p holds for some i,j,k,m and n. Without loss of 
generality, assume n> m. By definition of Cij^n, from Equation (13. 5p we get 

= (1 - r)(Q - ccj) - (1 - oici - rck) 

= riCk - C,) + C{C^ - C,) + ^+"(9 - Ck) 

= C[{ck - Ci) + C-"\ci - c,) + Cic, - Ck)]. 
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li n = m, since cj ^ Ck (by hypothesis of Theorem 13 .2^ . then ^" = 1, which is 
impossible since 

1 < 77, < r — 1. 

Otherwise, 1, ^"-""^ and C,"" are hnearly dependent over Fo(ci, Cj, Cfc). This con- 
tradicts our assumption on the degree of the extension if r > 3. If r = 3, since 
n > m, we must have that n = 2 and m = 1, yielding 

= (Cfc - Ci) + i{Ci - Cj) + ^^(Cj - Ck) 
= (Cfc - Ci) + ^(q - Cj) - (1 + 0(cj - Ck) 

= (2cfc - Cj - Cj) + ^(cj - 2cj + Ck). 
The last equation under our assumptions is equivalent to the system 

2cfc - Ci - Cj = 
Ci — 2cj + Ck = 

Replacing Cj in the first equation by 2c j — Ck we obtain 2ck — 2c j + Ck — Cj = 0, 
i.e. Ck = Cj contradicting our assumptions on c in the hypothesis of Theorem 
13.21 Therefore the assumption of Item (2) holds. 

□ 

Notation 3.11. Let i > 2 be a natural number such that any i of the Xi are coprime 
(such an i exists by Lemma \3.10\) . 

Recall that stands for the least common multiple of the n{xn) (see Notation 13.31) . 

Corollary 3.12. The following inequality holds : 

, ^ d 
deg£n> I . 

Proof. Let p be a prime such that ordpDl > (where is the product of the numerator 
divisors of the Xn). Further, let Xj^, . . . , Xi^, with s < i, he all the functions in the 
sequence (xj) with a zero at p. Without loss of generality, assume 

ordpXii > ■ ■ ■ > ordpXi^. 

We have ordpiln = ordpXj^. Also, we have 

ordpD^ < s ■ ordpXj^ < i ■ ordpXj^ = £ ■ ordpiln, 

hence 

d = deg(D) = deg{m) < edeg{£.,,). 

□ 

Lemma 3.13. We have 

(3.6) {rx'^x:-' + ar = r'u'^{x: + a)^-\ 

Proof. This can easily be derived from Fasten [TSl Equation (3.2)] through the obvious 
change of variables. □ 

Notation 3.14. Set A = a"" — r''z/"'a''~^ (this is just the "part" of Equation 03.61) that 
does not depend on n). 
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Lemma 3.15. //A 7^ then the following inequality holds: 

CzPd / 1 
degl)(A) < -f — - 1 ■ 



M - 1 V r-l^ 
Proof. From Proposition I3.7[ Lemma 13.81 and Corollary 12.91 it follows that 
deg ()(A) < max(rC3 degO(a), rCs degD{u) + (r — 1) deg9(a)) 

< rCa (deg 0(a) + deg9(i^)) 

^ ^ , rd rd 

< rCs — + 



M-1 (r-l)(M-l) 
C.r^d , 1 



M- 1 V r - 1 



Notation 3.16. (1) Let us write z = y^^"*"^ and Zn = XnZ. 
(2) Wnte 

C, = (2r + 1)C4 + (^1 + C3 = (2r + l){Ag + 2)+[l + ) {'ig + 2) 

3r \ / 2r 
+ 4 H Uf + 4r + 2 



□ 



and 
where 



r — 1 J \ r — 1 

B = C5rH + l = /3oir,i)g + P,{r,i), 

/3i(r,£) = (^4r + 2 + -^^ r^^+l. 

Observe that n{zn) is divisible by n(x„,) because z has a pole at poo only, and by 
assumption poo is not a zero of any x„. 

Lemma 3.17. If M > B(r,i) then A = 0, namely, 

(3.7) a'" = rV'"a"-\ 
Proof. Multiplying both sides of Equation (13. 6 p 

(r«"i + ar = rV^(x:; + a)^-^ 
by 2;''^ and replacing Xn by 2„ = XnZ we get 

(3.8) (r«-'^ + a'z'Y = r'Wzy{zl + az'y-\ 

Let p be a prime of K dividing n(xn). Let us remind the reader that by Corollary 13.91 
and definition of 2; = y"^"^^^, the divisors 0(a:n), 0(a), '0{v), c)(a;^), f (a') and f (z^') divide 
x\.{z). Therefore, none of the terms x'^z, a'z'^ , v' z and az"' appearing in Equation (13. 8 p 
have a pole at p. 

We claim that z'' A, that is, the part of Equation (13. 8p that does not depend on n, 
is divisible by n(a;„). To see that, recall that x\.{zn) is divisible by n(x„), and hence 
n{rx'^z^~^z) is divisible by n(x„) (see the left hand side of Equation (13. 8p ). Also, there 
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is no problem with the right hand side since the only part depending on n is z^. Thus 
modulo n{xn), Equation f l3.8p becomes 

{a'z'Y = r'\v'zy{az'Y-^ mod n(x,). 

Hence we have 

z'-'A = z'^ (a'" - r'-v"{azY-^) = mod n{xn) 

Thus, if A 7^ then from Corollary 13.121 we have 

d , ^ 
^ <deg£n 

< deg()(z'''A) 

< deg D(y2''+^) + deg 0(A) 

< r2(2r + 1)C4 ' 



M- 1 M- 1 V r - 1 
((2. , DC. . (l H- ^ 



--3 



'M- 1 

See Notation 13.31 (HI). Proposition 13.71 (12|) and Lemma [3.15p . Solving for M we obtain 

M < C^r^i+l = B{r,i). 
So, for M > B{r,i), the quantity A must be zero. □ 
Remark 3.18. Note that from A = a"" — r^'u'^a^'^ = we deduce that 

v' ^ 0. 

Otherwise, both v and a would have zero derivative, which would imply by Equation 
( II. 2p that all Xn have zero derivative and contradict the hypothesis of Theorem \3.2[ 

Proof of TheoremlKM Suppose a is not zero. From Equation ( 13.71) . the quantity 

a^- = ^ 
a 

is an r-th power. Hence a is an r-th power, say a = ¥ . 
On the one hand, from Equation ( 13. 7p . we have 

Hence, taking an r-th root, we obtain 

/ J. Iir—l 

a = r^ou b , 

where .^o is an r-th root of unity. 

On the other hand, from a = b"^, we have a' = rb'b^~^, hence C,oi^' = b' . Thus we get 
b = ^qv + 7 for some 7 G i^T whose derivative is zero. 

Finally from the Equation (II. 2p . we obtain 

Xl = {u + CnY -a={u + CnY - ¥' = {u + CnY ' (^0^^ + lY ■ 

□ 
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4. Proof of Theorem 11.31 
From Theorem 13.21 we have 

Xn = + -a = + CnY - + 7)'' 

which is polynomial in v (and v is non-constant by Remark 13.181) . with coefficients in 
F{^q) (since 7 has zero derivative, it belongs to F). Therefore, 

a = {v + CnY - < 

also is a polynomial in v with coefficients in F{^q) and the problem is reduced to to 
Hensley's Problem for polynomials in characteristic zero over -F(^o)- But we know that 
this problem has only trivial solutions for our M (see Pasten [I5]), implying that a = 0. 
Contradiction. 

5. Proof of Theorem 11.41 



What remains to do in order to prove Theorem 1 1.41 is taken from [20], with essentially 
no changes. We include it here for the convenience of the reader. 

In this section we let r = 2 and c„ = n for all n. Note that in this case £(c) = 3. For 
convenience of the reader, we rewrite Theorem 13.21 under these assumptions : 

Theorem 5.1. Let a^v & K , where K is a function field of characteristic p > 5(2, 3). 
Let M be a positive integer, and let (xq, . . . , xm~i) be a sequence of elements of K such 
that at least one Xi is not a p-th power. If M > B{2, 3) and 
(5.9) -2 _ , ^2 

then either a 



= + ''^y — CL, n = 0, 



or a 



,M-1, 

[u — 7)^ for some 7 G K^. 

The rest of the section contains a proof of Theorem 11.41 First we will dispose of the 
case where not all the x„ are p-th powers. In this case Theorem 15.11 applies, namely 
there exists a p-th power 7 G -fC such that 

xl = iiy + nY-{i^-^Y. 

Write 7 = f^" so that f & K \ K^. For all n we have 

"2 - (u + nY - {u- fP'Y 

{2u ~ f^' + n)U^' + n) 

{2v - f^' + n){f + nY 

{2v-f^'+nYf + n){f + nY-' 

V + - — Vn \ — \ v 



x^ 



(5.10) 



f-f"' 



f 



if 



n] 



(note that for the third equality to hold, we need c„ to be n). Considering the sequence 
defined by 



Vn 



if 



n] 



2 



we obtain 
(5.11) 



yl 



[V + n) 



fY 
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where 

f _ fp" 

(5.12) ^ = ^ + L_^, 

We want to apply Theorem 15.11 to the sequence In order to do so, we show that 
yn cannot be a p-th power for more than one index n. Suppose that i/„ and ym are p-th 
powers for some distinct indices n and m. Since 

yn~ Vm — ~^ n)^ — (z/ — m)^ = 2(n + m)^ + — m^, 

z/ is a p-th power. From Equation (15. lip we deduce that (u — fY is a p-th power, hence 
z/ — / is a p-th power, hence / is a p-th power, and we have a contradiction of our 
assumption on /. 

Since not all ?/„ are p-th powers we may apply Theorem 15. II to the sequence (y„). We 
assume that u — f ^ and obtain a contradiction. Since u — f ^ 0, there exists a p-th 
power 7 such that {u — /)^ = (z/ — 7)^. Since / is not a p-th power, we have / 7^ 7, 
hence 

iy - f = -iy + ^ 

therefore, 

2P = / + 7. 

From Equation (I5.12j) we deduce 

/ + 7 = 2z. + /-/^^ 

hence 

7 = 2z/-/P^ 

It follows that z/ is a p-th power. Therefore, by Equations (15.101) we have 

= {l + n){r'+n) 

is a p-th power, hence also each p-th power. Thus we have a contradiction, 

implying z/ — / = 0. 



From Equation (15.121) we get 



/ = Z/ + 



hence 



2 



and 

x2 = (2z.-/^Vn)(/^'Vn) 
= (/ + r^)(/^Vn) 

Now we will address the case where all the Xn are p-th powers. Under this assumption 
we consider the sequence (ty„) such that for each n we have Xn = and not all Wn are 
p-th powers. So we may apply the above argument to the sequence (w„) (and the new 
corresponding values of v and 7 - see [20] for the details) and deduce that either {wn) 
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is such that w"^ = {w + nY for some w & K, or there exists f & K and a non- negative 
integer s such that = (/ + nY"^^. Therefore, either = {w^ + n)^, or 



{f + n 



p°+i 



p°+i 



It remains to verify that if the sequence satisfies Equations (11. 4p then it indeed 
satisfies Equations (11. 3p . Suppose that for each n we have 

Xn = if + n) 2 

for some f & K and s a non-negative integer. Then we have 

xl = {f + nf^' 



+ n 



F'-f 



which has the form (x + n)^ + a for some polynomials x and a not depending on n. 



6. Proof of Corollary 11.51 

The proof is similar to the proof of Theorem 1.8 in (this part of the proof was 
not affected by the mistake fixed in |2U]). We reproduce it here for the convenience of 
the reader. 

Observe that in order to define multiplication, it is enough to define squaring. The 
following Lemmas 16.21 and 16.41 prove Corollary 11.51 

Let M > 5(2,3) be an integer. Let (f){z,w) denote the formula 

3wo, . . . , wm-1 

= Wq A 2z = wi — Wq — 1 

(We remind the reader that 
is true over K, since we can 

wi-wo-l = {z + iy - z"^ -1 = 2z, 

and under our assumptions {wq, . . . , wm-i) is a trivial Biichi sequence. 

Lemma 6.1. If (j){z, w) is satisfied over K for some z and w such that z^ ^ w and K 
has characteristic 0, then z and w are in F. If (j){z,w) is satisfied over K for some z 
and w such that z^ ^ w and K has characteristic p > B{2, 3) , then either z and w are 
constant, or there exist f & K and a non-negative integer s such that w = fp"^^ and 
2z = fP' + f. 



/\ Wi- 2wi_i + Wi_2 = 2 /\ P2{wi) A w -- 

J=2,...,M-1 i=0,...,M-l 

in the language ^2 (and thus also in the language ^^). 
P2{w) denotes the predicate "w is a square".) 

It is clear that ii z,w E K satisfy z^ = w, then (j){z, w) 
set Wi = (z + lY for each z = 0, . . . , M — 1. Observe that 
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Proof. Suppose that (f){z, w) is true in K. Write xf = Wi, so that we have xf — 2xf„i + 

2 2 

xf„2 = 2 for each i = 2, . . . , M — 1. Writing 2z/ = — n and a = — Xq we have 

= (z/ + n)^ — a for each n (see Remark II. ip . 

If K has characteristic 0, then by Theorem 11.31 either a = 0, and u = ±Xq, so that 

2z = wi — wq — 1 = x\ — x1 — 1 = 2u = ±2xq 

and = x1 = wq = w contradicting our assumption, or for all indices n we have that 
Wn = x"^ = {u + riY — a is in F, in which case w = wq E F and 2z = wi — wo — I & F. 
Hence the first assertion of the Lemma is proved. 

If K has characteristic p > -8(2,3), then, as above, by Theorem 11.41 either a = 
and z'^ = w again contradicting our assumption, or for each index n it is the case that 
{u + n)^ — a is in F and thus w,z E F, or there exist f & K and a non-negative integer 
s such that for each n, we have w„ = = (/ + n^^^ , w = Wq = p'^^ and 

2z = w^-wo-i = U + ^f^' - F^^' - 1 = iF' + i)(/ + 1) - F'^' -i = F' + f. 

□ 

Lemma 6.2. // K has characteristic 0, then it satisfies the formula of the language 

ip{z, w) : (f){z, w) A (t>{tz, t^w) 
if and only if z^ = w (where tz stands for t{z) and t^w stands for ttw ). 

Proof. First we note that ii z.,w & K satisfy z^ = w, then the formula ip{z,w) is true 
in K as was shown above. Suppose now that the formula ip{z,w) is satisfied in K and 
that z^ ^ w (hence G F\ Since <^(tz^t^w) is true in by Lemma [6.11 we have 
that either (tz^' = t^w (which would contradict the hypothesis z ^ w"^), or both tz and 
t'^w are in F. Since t stands for a transcendental element, this implies z = w = 0, and 
in particular z"^ = w. Contradiction. □ 

Lemma 6.3. Suppose that K has characteristic p > 5(2,3). If it satisfies the formula 
of the language 

9{z, w) : (j){z, w) A(f){z + t,w + 2tz + z^) A(f){z -t,w - 2tz + z^) 

and z^ ^ w then either both z and w are p-th powers, or both z + t and w + 2tz + z"^ 
are p-th powers, or both z — t and w — 2tz — z^ are p-th powers. 

Proof. See [19l Section 3, Claim p. 563]. Note that the proof is exactly the same since 
the expressions we have for w and z in Lemma |6TT] (2) are just special cases of the one 
used in [19]. □ 

Lemma 6.4. // K has characteristic p > 5(2, 3) then it satisfies the formula of the 
language 

r]{z, w) : e{z, w) A e{z + t^ u; + 2t'^z + t^) 

if and only if z"^ = w. 

Proof. It is a direct consequence of Lemma 1^751 (or see [THl Section 3, p. 563]). □ 



22 



ALEXANDRA SHLAPENTOKH AND XAVIER VIDAUX 



References 

[1] D. Allison, On square values of quadratics^ Math. Proc. Camb. Philos. Soc. 99, no. 3, 381-383 
(1986). 

A. Bremner, On square values of quadratics^ Acta Arith. 108, no. 2, 95-111 (2003). 
J. L. Britton, Integers solutions of systems of quadratic equations. Math. Proc. of the Cambridge 
Phil. Soc. 86, 385-389 (1979). 

J. Browkin and J. Brzezihski, On sequences of squares with constant second differences, Canad. 
Math. BuU. 49-4, 481-491 (2006). 

M. Davis, Hubert's tenth problem is unsolvable, American Mathematical Monthly 80, 233-269 
(1973). 

J. Dcncf, L. Lipshitz, T. Phcidas, J. v. Gecl Eds. Hilbert's tenth problem : relations with arithmetic 
and algebraic geometry, Ghent 1999, Contemporary Mathematics 270 (2000). 
Fried, Michael D. and Jarden, Moshe, Field Arithmetic, Ergebnisse der Mathematik und ihrer 
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics 
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], 11, Second edition. 
Springer- Verlag, Berlin, (2005). 

D. Hensley, Sequences of squares with second difference of two and a problem of logic, unpublished 
(1980-1983). 

Sequences of squares with second difference of two and a conjecture of Biichi, unpublished 

(1980-1983). 

H. Koch Number Theory, Algebraic Numbers and Functions, American Mathematical Society, 
Graduate Studies in Mathematics 176 (2000). 

L. Lipshitz, Quadratic forms, the five square problem, and diophantine equations. The collected 
works of J. Richard Biichi (S. MacLane and Dirk Siefkes, eds.) Springer, 677-680, (1990). 
Mason, R. C, Diophantine Equations over Function Fields, London Mathematical Society Lecture 
Notes 96, Cambridge University Press, Cambridge, UK (1996). 

Y. Matiyasevic, Enumerable sets are diophantine, Dokladii Akademii Nauk SSSR, 191 (1970), 
279-282; Enghsh translation. Soviet Mathematics Doklady 11, 354-358 (1970). 

B. Mazur, Questions of decidability and undecidability in number theory. The Journal of Symbolic 
Logic 59-2, 353-371 (1994). 

H. Fasten, An extension of Biichi' s Problem for polynomial rings in zero characteristic. Proceed- 
ings of the American Mathematical Society 138, 1549-1557 (2010). 

Representation of squares by monic second degree polynomials in the field of p-adic meromor- 

phic functions, arXiv:1003.1969, 

H. Fasten, T. Pheidas and X. Vidaux, A survey on Buchi's problem: new presentations and open 
problems, to appear in the Proceedings of the Hausdorff Institute of Mathematics (2010). 
T. Pheidas and X. Vidaux, Extensions of Buchi's problem: Questions of decidability for addition 
and n-th powers, Fundamenta Mathmaticac 185, 171-194 (2005). 

The analogue of Biichi 's problem for rational functions. Journal of The London Mathematical 

Society 74-3, 545-565 (2006). 

Erratum: The analogue of Buchi's problem for rational functions, to appear in the Journal 

of The London Mathematical Society (2010). 

The analogue of Buchi's problem for cubes in rings of polynomials. Pacific Journal of Mathe- 
matics 238 (2), 349-366 (2008). 

R. G. E. Pinch, Squares in Quadratic Progression, Mathematics of Computation, 60-202, pp. 
841-845 (1993). 

B. Poonen, Hilbert's Tenth Problem over rings of number-theoretic interest, downloadable from 



http://math.mit.edu/~poonen/papers/aws2003.pdf 



A. Shlapentokh, Hilbert's tenth problem - Diophantine classes and extensions to global fields. New 
Mathematical Monographs 7, Cambridge University Press (2007). 

P. Vojta, Diagonal quadratic forms and Hilbert's Tenth Problem, Contemporary Mathematics 270, 
261-274 (2000). 



THE ANALOGUE OF BUCHI'S PROBLEM FOR FUNCTION FIELDS 



23 



[26] H. Yamagishi, On the solutions of certain diagonal quadratic equations and Lang's conjecture, 
Acta Arithmetica 109-2 (2003). 



